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Testing of analog dynamic systems based on integral
sensitivity
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Ahsract

Thc plpcr inroduocs a unificd mcthoc.lolog' ol' tcstrns
uurlog drnamrc rnuitiphenorncna wsterns. i.c. sstcms
composcd of blocks c.rpioiu.ng ranous phvsal
phenomcna. Systcm models arc develop€d. Diagrrosrs
algoritftm based on integrai scnsrtiun'. ongrnlilh'
delelo@ Ibr eicororuc clrcllits- c.rtcndcd to co\cr
multrphenomena $'sterns.

1 Introduttion

The paper investigatcs simu.latron and tesung of
multiphcnomena systems. i.c. q'sterns that are cither
homogenous or ml-rcd *ith blocks erpioiung variou
physcal phenornerul Meciutronic and mrcroelectro-
meckurics systems O4EMS) uc exmples of such objccs
of gro*'ing importance.
Thc steps of diagnosis of mu.ltiphenomerut svstclns arc.
dwelopmcnt of qvstem models and their q)mputer

simulauon mssuremenls of modules under tesl
development of the best suited paraneter entraction
method bascd on mqsurement resuits and computer
simuiatron.
We consrder soft faults in analog possblv nonlinear

S'sterns. The diagrrosis algorithm for electroruc circuits in
the presence of noise [.2] seerns to be a useful starttng
point- as it is not directly related to the phvsical nanre of
the te$cd objecL

2 Description of multiphenomena systems

Let us consider a multiphenomena s,ystem under test

MSU-D Fol simpLiciql'*:ke. we assume that it contains
only eiectronic and mechanicai zubs-v-stems. As mainly
state variables arc msxunble in mechanica.l qvstems we
will usc state esuations to descnbe the mechanical part:
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z - \'cctor ol statc variablcs. rfl - r'eoor of rcferencc

(c.\sruruon) sgrruris. Tlrc numbcr of mccluuucrl
pafiuneters to be diagnosed (r'eoor p, ) is /p. State

vanables arc mosdv inacccsstblc to tcsfrng in clcsllonrc
crrauts- urd modrficd nodd cquauons are used:

CdP,) V (t,P,)+c (p")V (t.P")-J (0=0. (2)

V is the vector of nodil r'ollagcs and selcctcd branch
currents. G. C - nxrtnccs of rcsistrvc and re:tcuve

elemen6. J - excitauon vcctor. The number of ciectroruc
diagrrosable panmcters (\'cctor P,) ts n p. [n the scquei

rve considcr linerr equauons couphng the mechniqri
and clectroruc zubrysterrs- but tlus formulatron cal be
extendcd to covcr nonlirte.rr qrsc as well:
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L,.L, and K,,K, are matrices relating electrical and

mechanical lanables. Vectors of unknowrs and of
diagrrosable parametcrs of the whole s)stem are:

V ̂  = [ V, ,2, J' , p_ : [pT ,pl /' . ComUining (l),

(2) and (3), we can rwite equatiors of linear
muJtiphenomena slstem :

c. v, (t) + G. v, (t) - J* (t): 0. (4)

where

t -c  o l  [c  o l  l l r l lt - - t t t t l

cl o ' l. c.=l o -A I, stlYrrll
lL, ql L*, K,l LetrllL .

Fonnulation (4) can bc e.rtended to cover also nonlinqu

s_ysterns.

E*:tmple 1. L€t us consider an electromechanical
transducer t3] (Fig. l) translating curr€nt i(t) to

rotational movement of rotor (p,a,l are the angular



posrrion and roration velocir_v of the roror). Friction
damping of the rotor movement is represented by the
constant D and the fiioion force is Oar. The roror
movement is restrained bv the spring wtth consfant 5, ,
deveioping torque F,= K,e. Elecnicai torque is

{ = (. i and voltage induced in the coil: tr/ 3 = ( ^ro. The
ctluivaicnt circuit model of the rransducers is in Fig. lb.
frvo conrrollcd sources couple the elecrric.ll and
mechanical pans.

Fig. l. Rotational transducer: a) physical model:
b) eouivalent circuit model

Modified nodal equations for the elecu-ical part have the
form of(2) with:

-/" is the polar inertia moment of the coil assembly. The

matric€s of coupling equation (3) have the form:

3 Method of diagnmis

System can be accessed at cer-tain points. In electronic
circuits by "poins" rve usuallv mean nodes. We divide
the nodes of an electronic sukvstem into three groups:
accessible (i.e. at which we apply excitations and measure
responses), panially accessible (*e onlv measure
responses) and not accessible. The numbers ofthe nodes
in these groups org ftu,c, ltpoc, ,,,o. We divide the

points of the mechanic.rl part into /,.. accessible "nodes"
(where excitation. e.g. force. enerry, is applied and
responses measured), l *, partlv accessible "nodes".

(output values. e.g. position. velociw, acceleration. can be
measured), andl,^ inaccessible "nodes". We can

perfbrm lotal n",, + /o., tests and for each of the tests

obtain 2o,. * lu,, I n,o. + I *, measyrements.

We extend the diagrosis method developed for electronic
circuits tl2] to cover multiphenomena systems.
Differential sensitivit-v is susceptible to errors of the
s.vstem model and noise of input data and reduces
accurary and stabiliqv of the testing procedure. Integral
sensitivit_v tends to reduce zero mean noise. and this effect
is amplified when time intervals are properly selected. As
seminormalized integral sensitivity of y ̂ , w.r.t p, on

the time interval I t", t oJ we understand:

6v,,( t)

Choice ofthe interval I t",toJ influences effectiveaess of
this technique in reducing noise [2]. We will also use
integrated values Ur[r,,tu]of the unknowns lr_,(t)

appearing in the system equation (4):
t b

u,[ t" , r t ]  = l r , { \a, .  (6)
,:

Diagnmis algorithm

The logical steps ofthe proposed diagnosis algorithm are:

L, =0. 1,=0. - =i:  
;  _'  : ]

*, = 
[r'- ;] ,,,, -lLo';" 

1

lo** 
-G o ol lefttso]c:l  -G G o ' l ,J: l  o I

L o -r r oJ L o l
The state variables for the mechanical part are o), e and
the describing equations have the form of(l) with:

[o o o ol l',]
c=lo o o oi, ,: ln'1,
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AP

tb

I

Ll/  , , I to, t tJ --  \s, ,0 P,dt.
I a

,r:l*"'{'l



Step l. Simulatnn of nominol system. Equations (4)
describing the sysem under consideration. are set up in a
wav discussed in the previous section.
Step 2. Selection of time inten'als for integral sensitivin.
The strategy of selection. aimed at marimal reduoion of
noise and random errors. is described in detail in [ ].
Stcp 3. Culculution of intezral sensitiyin. Using en
integration formula- e.u. trapezoidal. (6) can be repiacerl
bv its discretized counterpart:

l l  , , I t t - , r ' , l r ]  =

, ' ) - S (  t , - , )  (7 )

minN{f5P( a t ]

tr.r.t.dP
(  l0 )

To improve accurasv. (10) is soived iteratively. At the
beginning we simuiate a fault tiee lvstem and calcuiate
the required data fbr the nominal set of parameters

p'1) : p" . A nerv approximation is calcuiated as:

PL'/ 
tt : P'qt (l + ,iP4') . and all simulation vectors and

matrices are updated. The iterative algorithm stops when:

d p"r' l< 7671, n llA ull < e . TOL, - the acceptable

tolerance of P . c - is the level ofnoise characteristics of

the measurement slsem. The der;ision whether the
diagnosed pararneter p, is lirultv is made by checking

the value of ( P',' - P',q')/ P',' aqainst TOL, . The

numerical effectiveness of solving (10) depends on the

values of a . The optimal value of a For the qth

iteration is tbund by solving the equation of generalizai
discrepanc-v [5].
The discussed algonthm covers linear svstems. but it can
be extended to nonlinear svstems as well. uslng an
approach simiiar to fl 1.

4 Test example

We consider the linear tburth order servomechanism [6].
The mechanism (Fig.2) fansforms rotational movemert
ofthe motor to translational movernent ofthe load. Fig. 3
shows a schematic view of the confroller, and Fig.3 the
layout of the mechanical part. The following parameters
are used: 4t) - rcfr.ence signal [rad], ?", - s€rvomotor

torque [Nm], Cr - s€rvo stiffiress [Nn/rad], D. - servo

damping fNmVradl, e,,Q,,e, - position, velocit-v, and

accelerarion of load [rad, radls, .adlsr], e,,|r,e,'
position, velocity, and acceleration of rotor motor [rad

rad/s, radlsl), J,,J, - inertia load and rotor motor

Ikg^t ),,t - sriffiress ofthe u-ansmission [Nm/rad].

5- , )  , ,  {  / r . r= .L-- (  l t - t  r ' I r . t ) .1

!,, = tt_,v,ts= tt, rV - number of discretization poins.

We apply a sim ilar discretization to U ,ft , , I r,) .

Step 1. Formulation of diagnosis equaliont. Diar.:nosis
equations are obtained by using integral sensitiviry, and
replacing infinitesimallv small changes by finite
increments:

W[t tN , toJ  5P  :  L ,U f t r , v , t * J , (8 )

entr ies 5 p,=Lp, /  p,  of  rJP aretherelat ivedeviat ions

of parameters liom the current vector P , Lg ,[ t1_N,tt]

is the differencn. of t1 , calculated for the values of

vanables V,,(t) obtained for the tested and simulated

nominal rystems. Typically, the number of test eqmtions
is much larger than the number of parameters to be
identified.
Step 5. Orthogonalization oJ'the sercitiviry motix. The
orthogonalization technique reduces excessive equations
by elimination of linearly or near linearly dependent rows
and reduces the number of un.lnown parameten by
detecting ambiguiry groups I l l.
Step 6. Solving diagnosis equations and fault
detecting. Diagnosis equations are usually
overdetermined. We use this property to provide
stability and a good converg€nc€ rate of the solving
procedure. The regularization technique t5] was
designed for solving equations with noisy data.
Tikhonov's functional is defined as:

r{,r(el )lwm1a1- trll'+Qlrya)l' , (e)

a > 0 is the regularization coefficient. The first term is
the standard least square term; the second is added to
improve stability and convergerce rate of the iterative
procedure. Obviously, when a --r 0 then dP solves the

leas square problem. The solution of diagnosis equations
is obtained by minimizing the fimctional:

Fig.2 General layout ofthe servomechanism



Fig.3 Controiler Fiq. { Mechanical pan ol
servomechanrsm

Diagnosable parameters are: C,, D,, t l r:.k,,1 r, dw.

with the nominal values collected in the vec'tor p"

(Table l). The value of d:o is lixed at

2.0x t0i Nmstrad and J: is i.0x 19' kgm) . The

tesring excitation signal was 
tinl?) 

.1o : l) . A

nine order cvcloide was used in [6] to examine the
tracking a@uracv of the servomechanism. but in
application to testing this signal leads to seasitiviw
matrix with a lower column rank. In the
identification procedure we deteoed an ambiguir-v
goup { C,, d rz }. The results of identification are in

Table l: pt ,1 ue the fuulted and diagrrosed
vectors of parameters. respectively. As it is shown in
the third row of Table I the values of frulted
paftrmeters p/ deviate 5%o to 30Yo fom their

nominal values p". The diagrrosis procedure has
been completed after 17 iterations. The qualiry of
identification (row five) was befter then4o/o.

5 Conclusions

In the paper. the method for hult diagnosis in
dwamic multiphenomena (nonlinear) slstems has
been presented. From the mathematical point of vierv
the discussed mahod handls. in a uniform manncr.
equations obtained usinu various methods of
fbrmulation. e.g. nodal modified. state. tableau. The
qualir,v of diagrrosis is assured bv: using time domain
inte*tral sensitivir_v. proper selection of time intervals
lbr sensitivir_v to reduce numerical and data noise.
orrhogonalization and reeulariz?tion techniques to
improve accuracv of the solution of overdetermine<j
diagnosis equations. We also examined and showed
that the effectiveness of diagnosis depends on the
proper selection oftesting sigrrals. Using the proposed
method the soft lhults have been deteoed in the
fbunh order servomechanism wrth a satislioorv
accuracy.
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ABLE l. Results of s

P, C,
3.423e-l

D,
4.607e-2

dn
4.933e-5

L

5.99e- I
T ,

4.40e4
dro

5.496e-4
yt 4. I 07e- I 5.067e-2 4.993e-5 7.78 I e- I 3.743e4 5.221e1

(P I  _P ' )  /P ' 20 0,ro t 0 % 0 % 30% - 1 5 % - 5 %

PU 4.213e-l 5.1 38e-2 4.933e-5 8. l45e- I 3.668e'l 5.012e4

(Pr  -yd)  /P/ -2 .6% t . 4 % 0 %  ( * ) 4 . 6 % -  Z " / o - 4 0


