
Abstract

Thls paper preoents an efflcLent technlque for the
element evaluation in a 1arge grld resist lve
network. The Ethod ls based on the optimizatlon
technlques applied in so called layer by layer
fashlon. Cooputatlonal requlrenents of thls rcthod
are conpared nlth thoee of the direct optlnization
technique used ln the lmpedance conpucerLzed
Conography. An exanple is glven to lllusErate the
nethod presented.

I. INTRODUCTION

The need for the element evaluation technlque in a
large scale networks atems fron the requirements
of the lnpedance compurerlzed tomograihy (ICT)
technlque used in redlcal dlagnosis, subsurface
mlneral explorat lon and naterrar testrng. The rcr
technlque ls belng developed slnce 197g. In
contrast to the convent,ional tornography
technlques, thls technlque does noE use x-rays,
but rather enploys a weak erecErlcal currenE to
r'ap out the electrl.cal propertles of the tissues
ln a Eomographlc sllce. rt ls expected to have the
fol lowlng advanrages: ( l)  reduced blologlcal
hazard for rnedical appl lcat lon, (Z) less expensive
hardware, (3) expanslbtllty to full 3-D tnage, and
(4) very high dara rates.

In the ICT l1ne lncegrals along curved paths
through the object must be sorved. lhese pathi are
object dependent, ed hence thelr coordlnates are
not known ln advance. As a result, the
reconstruction 'process lnvolves the solutl.on of a
nonlinear systen of equatlon. severar aethods have
been developed to solve this nonrlnear problem.
9"9 ls the guarding rechnlque suggesred by prlce
Il ] .  This technlque helps to rninlnize the
nonlinearlcy of current paths. But unfortunately,
lt does not force the current Eo flow strafght in
an lnhomogeneous redlum, no tratter how good the
guard electrodes 8r€o In l97g M. Tasto dlveloped
the rethod I2l , ln wtrlch rhe reslsrlvlty prof tle
of an object ls corrected by backprojecting the
dlfference between the neasured and the calcurated
reslstance lntegral along the current path. M.
Tastor 6 Ethod can only be used in th; case of
snal1 varlat lons of resLstlvl ty. Simllar co
Tasto's approach is the senslcfrrfcy nechod t3l,  i ;
whlch the resist lvl ty prof l le of an object is
correcEed by backprojecting the dif ference beEween

, the reasured and calculated current denslty.
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Network approach to the IGT was developed by K. A.
Dlnes and R.  J .  Ly t1e [4 ] .  In  the i r  nethod,  a
network rnodel serves as a dlscrete approxLmatlon
of  the d ls t r lbuted parameter  system.  I ts
conductivity Lnage is generated by runlng an
lterat ive process on nerwork equatLons that are
lLnearlzed in unknown conductance varlables.
Coruputer slnulatlon studles uslng data generated
frou the network nodel show good result,s and
denonstrate feasibi l l ty of this approach. The rnain
l lni tat ion for this rnethod evolves fron a large
number of equaclons one must solve simultaneously,
ryhlch take a huge compuEer Demory and requlre an
exorbLtant execution t1me. Also Ehe error for
elements evaluated Ln the center ls hlgher than
for those at the boundary.

In chis paper a rethod whlch solves che nonlinear
problen through the necwork decomposlcion layer by
layer ls inEroduced. Section II  presents Ehe
concept of the element evaluatlon based on Ehe
dlrect oethod. Sectlon II I  discrlbes the layer by
layer nethod and lnvestLgates cotrputat lonal
requirements of the proposed algri thrn. Sectlon IV
includes an exanple to demonstrace capabil l t ies of
the roethod.

II. DIRECT I'IETHOD

The element evaluation problen is to deternlne
values of the elenents uniquely fron the neEworkt s
behavlor as seen fron l ts external nodes. For a
glven network, the transfer admLtEance ls a
functlon of the element values and che topology of
the network.
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Assume Ehe network has N elements and (n+t)
external nodes. The number of lndependent
measuremenls taken fron exEernal nodes ls M =

n(nt l ) /2 .  Fornu la te  the systen equat lons as t5 l
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These equaElons are nonltnear and can be solved
lteraclvely using Newton-Raphson algorl thn
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III. LAYER BY I,AYER I.IENTOD

In whac follows we descrlbe a decoaposltlon
approach developed for the purpose of the Llenencs
evaluaLion ln a reslsulve grld necwork.

Dlvide the grtd nodel lnto L layers. Lable layers
staring fron che boundary to the center. The node-
admlttance mat,rlx 

lrrr, 1" a band natrl.x as follorrs:

A necessary and suff lcLenc condlt lon for
solvabl l lcy ls that the sysrem
overdetermlned and conelstent, L.€. I

M > N

and rank( J ) = rank( Jt ) - N

where Jt ls the augmented Jacoblan uatr lx [5].

The grid resistlve netnork ls chosen as a mdel
(Flg. I) and each edge of a grtd represents an
unknown admlttance. In thls model lre deflne a
layer as a subnet'work, whlch contains elemencs
adjacent to the perlneter of the current network.
If the grid network has L layersr then Ehe number
of edges Ls

N - 8 L 2 + 4 L  ( 7 )

and the number of Lndependent Eeasuremenls ls

M = n(rn*1)/2 = 3zt? - t+r (B)

It ls obvlous that M > N for L > I and coapuEer
results shows that the system ls conslstenE for
any sLze of grld oodels. So the grid nodel
satlsf les the condlt lon of local solvabl l l ty. The
elements values can be deterrnined orovlded thac
good lnltlal guess Ls glven.

The Jacoblan of Ehe system (3) ls a l l  x N oatr lx
and lcs slze lncreases LargeLy rrlth the slze of
the model. Referlng Eo (7) and , (8) lre can
approxirnate the area requlred by 256L'+. In redical
appllcatlons the mlnlnun sLze of the mdel should
be f00 layers to obtaln a clear plcEure. In thls
case,  the systen w111 have 2.56x l0ru coef f lc lenrs .

In order to reduce the compuEational effort,  Ehe
element,s can be evaluated using mrltlple steps
procedure lnscead of using the direct evaluatlon
of al l  element,s, as dlscussed ln the nex! secl lon.
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The element evaluatlon ls the reversal of the
suppresslng process. Knowlng 

Jff t") 
from the

external measurenents, elements w111 be evaluated
by recrivlng the incernal nodes fron the boundary
to the center. EquaCton (12) ls solved to evaluate
the elements ln the f lrst layer and :22(e) 

needed

for the second layer evaluatlon. Once 
JZZ{e) 

ls

known, the elements in Ehe second layer and ll:(e)
can be conputed by solvlng ( l l ) .  In the san! way,
the remalning layers can be evaluated.

As an example consider the f irst layer evaluaEion.
Denote admlrtances of boundary elements by bt
(1= l r2 looreE1)  and the reoaln lng e lenents  o f  the

f l r s t  l aye r  by  S j  ( i =1  12  r . . .  ,m1 -4 ) .  De f l ne

z - y^71
-  - 22 (e )

and (12) becones

I r r ( " )  =  I r r  -  I rz  I  Yzr '  (14)

Note that Y11 ls baslcal ly a three dlagonal natr lx

contalning b1 and g, only and each entry of oatrlx

\Z | l_Zt ls the product of three varlables. The

eleuent evaluatlon ln each layer can be perforned
ln two scages! a seE of equatlons to calculate g5

and 
"pq 

are selected fron off-dlagonal non-zero

entr ies ln Jtt(e) 
( 

"OO 
are elenents of Z ).  I{hen

g1 and z'n are known, bi can be obtatned dlrectly

fron the rernalning n1 equatlons h 
ft l (e).
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At the flrst stage, the number of varlables ls

N ,  -  E ,  -  4  +  n , r ( no+ I ) / 2  (15 )
I I L l

where rn^Et!.-8. t{e forrnulate Ehe functlons W as
Z L

r j  -  t  l r r (e )  +  l t z  z_Yet  l r r  (16 )

and solve che nonllnear problero uslng

J ,  A X - - $  ( t Z 1
- I

where J,  ls  the Jacoblan uatr lx  of  W.
- I T

and AI - t  A9, Lz l '  (18)

We flnd thac the syscem ls overdeEermlned but does
not have unl-que soluELon the rank of the systen Ls
less than N1. The reason ls that the nunber of

varlables ls increased by nZ when Yr21"; I  is

replaced by 7. So m2 equations are added uslng the

zero-rorsum proPerty of the lndeflnLte-adnlctance
matrlx. We deflne funcEions U as

(  l e )

The l lnearLzed systeo of equatlons for U

J , , A X = - U  ( 2 0 )
- L

can be conbined wlth (17) to obtain

' ,  - rYrrrrre;(1 ' j ' " r i l t r (1 ' j ) '  1-I ' ;2 s" '  s,- ,

Flg. 2 Dinenslon and nonzero pattern of J (23).

let us lnvestigate Ehe slze of Ehe Jacoblan natr lx
(Flg, 2). Slnce each funcEion of I{  is uhe product

of three variables, j l  ls a . teiy sParse tratr lx

although l t  ls qulte large. The sparse matrix
technlque w111 be used to save the nemory and
speed up the computaBlon. 

1Z 
is cornposed of EIto

parEs: 0U/0G ar.d AE/02. The f irst part ls snal l
and sparse buE the second part ls dense since

m
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1s nearly equal to 256t 3

Conparing wlch the dlrect
dense part ls substanrlal ly

L3 .
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The s lze of  th i .s  part

when L ls very large.
method the sLze of che
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The new system ls conslstent because the rank of
the augnented Jacobtan rnarrix equals the number of
va r i ab les l  1 .€ . ;  r ank (J f )=  N l .  So  t he  va lues  o f

al l  variables can be obtalned by che l terat lve
process.

The algorlchn of the layer by layer nethod ls as
fo l lows:
l .  forn l t l (e) 

frotn the neasurements and determine

the nunber of layers L ln the grtd model.
2. Calculate the number of exEernal nodes m and
Ehe nunber of variables N and give lnltlal val-ues

of the variable vector X0 for the lth layer.
v

3. conpute F*, Jk and J'k b"sed oo xk and evaluate
L - - l '

rank(J 'K)  for  the k th  lcerat lon.  L f  rank(J '^ )  )  N,

che iy"t"r ls solvable. Otherwlse lc is not
solvable and the process stops.

4. Solve the linear equaclons Jk A)(k - -Fk to get

at(k and updace I using In*t= Ii 
* .n axk (0<tkct).

5. rf I oI* t and I oln I ao noc reach the requlred
accuracy, then k=krl and go to 3.

6. Calculate b, after getElng gj and zOO.

7, Store the values of elements on Ehe tEh layer
and compua" If- f , l - l (e) 

for the next layer from Z.

8. I f  t-1, then stop. Otherwlse l=2,-I  and go Eo 2.

(zt+1

VI. RESULTS AT{D DISCUSSION

This layer by layer nethod was lmplemented and
tested uslng compuEer-generated data for several
adnl t tance pat terns.  For  each patEern,  

J t t (e)  
was

computed based on the actual values of elements.
Ac each i tera t l .ve s tep,  che l inear  systen (21)
was solved by Gauss-Jordan el lminarion using the
maxl-mum pivor' straEegy.
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and

are

There are to ta l  18 var lab les ln  the f i rs t  sE,age:

I  
-  L  E r r F , r r . . .  r 8 g r z l l ,  , L Z r * L 3 r z L 4 r " Z . Z r . . .  r z 4 4  l T .

24 equaClons rrr.  E. t .  the entr les ln I f  f  (  e) repre-

senced by the s ign x  (see F lg .  a(a) )  are  used to
define functtons W,

t l '  t l r r t . ) l t r  *  B J r n o E .  ! - L , 2 1 . . .  s 2 4  ( 2 5 )

rank(J1t)  -  14.  So addl t lonal  4 funct lons U
as fol lows: 

4
or r  

r l r t r rre)( l 'J)  
-  t r  -

4
uz '  

, Ir ' rrre)(2'J) 
- t ,  -

4
'3 = 

,Ir trrre)(3'J) 
- to -

4
'4 a 

rlr ' , 're)(4'J) 
- su - e7

The comblned system of equatlons fornulated as
(21) ls conslstent. g3 and zoo can be obtaLned by

the lreraElve process and results are l lsted ln
Table. Nlne l terat l .ve steps were needed to meet
requirements of the 0. lZ preclslon. The non-zero
pattern of the Jacoblan natr lx ls shown ln Ftg.
4(b) .  Dens l ry  o f  J_f  is  l5Z and the s lze o f  the

dense parc  ls  4x10.

According to the algori thn ln Sectlon II I '  b1 can

be obtained uslng L2 equatlons rr.r.E. the encrles
ln  

l f f ( " )  
rePresented by the sLgn *  (F ig .  a  (a) )

and cn can be calculated after lnvert ing Z.

Table .  Resul ts

elenents accual X
values

lnlt ial  Xu
valueg

computed
values

x9

zt
zi
;i
; '8
, L L

::l
'r4

:lt
'24

:lt
t44

I . 0 0 0
1 . 0 0 0
1 . 0 0 0
1 . 0 0 0
1 . 0 0 0
1 . 0 0 0
1 . 0 0 0
1 . 0 0 0
0 . 2 9 2
0.083
0 . 0 4 3
0 . 0 8 3
0 . 2 9 2
0 . 0 8 3
0 . 0 4 2
0.292
0 . 0 8 3
0.29?.

I  .500
1 . 5 0 0
1 . 5 0 0
1 . 5 0 0
1 . 5 0 0
1 . 5 0 0
1 . 5 0 0
I  .500
0 . 2 3 3
0 . 1 0 0
0 . 0 6 7
0 . 1 0 0
0 . 2 3 3
0 . 1 0 0
0 . 0 6 7
0 . 2 3 3
0 . 1 0 0
0 . 2 3 3

1 . 0 0 0
1.000
1.000
1.000
1 . 0 0 0
I . 0 0 0
1 . 0 0 0
1.000
0 . 2 9 2
0 . 0 8 3
0.043
0.083
0.292
0 . 0 8 3
0.042
0.292
0 . 0 8 3
0.292

V. CONCLUSION

Results of our slnulatlon study lndlcate that lE
ls feaslble to estlmate the elements values in a
large reslsEive network fron the external
uteasurement,s. By uslng the layer by layer method,
the slze of the dense Dart ln the Jacobian matrix
is decreased fron L4 to L3. Thus the computatlonal
effort ls largely decreased. Slnce each layer
evaluatl.on depends on the results obtal.ned from
the prevlous layer, a nunber of l terat lve sceps ls
needed at each layer to ensure accuracy. It ls a
slgnlficant improvement for the ICI appll.catlon.
Thls evaluatlon -neLhod wll l  be developed by
lmprovlng the numerlcal procudure to reduce error
and by conblnlng paral lel processlng wlch
decomposJ.ton and sparse technlques to lncrease
eff lciency. The nechod wll l  be tested on
experimental daEa.
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