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A HIERARCHICAL DECOMPOSITION
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AtsSTRACT

A  n o v e l  a p p r o a c h  f o r  a n a l y z i n g  l a r g e
e l e c L r r c a l  n e t w o r k s  j . 3  p r e s e n t e d  i n  l r h i c h  l h e
n e t r o r k  i s  d e c o m p c s e d  l n t o  c u b n e t w o r k s  i n  a
h l e r a r c h i c a l  m a n n e r  b y  . e m o v l n g  s o m e
interconnect ions.  These subnetworks are solved
separately and then inLerconnec'"ed at  a nLmber of
comput ing levels to obtain the solu i ion of  or ig inal
ne two rk .

I}{TRODUCTION

T h e  i d e a  o f  d e c o m p o s l t i . o n  o r  t e a r l n g  H a s
a r l g r n a t e d  b y  K r o n  i l , 2 l .  i n  r h : c h  a  p a r t  o f  a
glven netuork i !  Lorn asay so that  the reoaininS
subnetrorks can be ana).yzed independent l ,y .  The
solut lon!  of  the separate lubnetuorks are then
lnterconnected to take the part  torn al |ay into
cons ide re t l on  and  t hus  t he  so lu t l on  o f  t he  o r rg i na l .
ne t so rk  1s  ob ta l ned  a t  t r l o  l eve l s  [ 3 j .  Happ  [ 4 ]
has general lzed the lwo- leve1 cdlputat ion into a
m u l t i l e v e l  c o n p u t a t i o n  p r o c s s s .  H o u e v e r .  t h e
calcula l lons at  thr  levels except for  lhe f l r l t  can
not bc carr lcd out  1n paral l .e i .  and thus th is nethod
msy not  bc sul teble for  analyzlng largc netyorka.

In Lhis p€gcr,  a nethod ls  prescnted to solve
a  i a rgc  ne t r . o r k  by  decopoo in8  1 t  i n  a  h l e ra r ch l ca l
manner.  T?:e n€tsork is  deco6poseci  tnto subnetworks
and blocks by removr.ng scne interconn€c!1ons and
app l y l ng  a rb l i r a r y  cu r ren t  scu rces  a r  t he  t e rm lna lg
created by renovai  of  lnterconnect lons.  A3 the
decooposi t ion tnposes a hlerarch] 'cal ,  s t r ' . rc ture on
the ccnputai ions,  the calculat ion at  each level  can
be c jone in paral le l
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NOTATION

subne tno rk  o f  o r i g l na l  ne two rk  i { 1 .

s u b n e t H o r k  r n a d e  u p  o f  e q u i v a L e n t
mu lb i po les  o f  d l v i s i ons  o f  subne tHo rk  Nk .

3et  of  inEerconnect ion nodes cconon to
subnetsorks l l .  8nd Nr.
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IX nodal  admit tence matr ix  of  subnetHork Nk.
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colu ln vector  of  vol tages
n o d e s  c f  s u b n e l t . l o r k  N
subne two rk  N^ .
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on  Lhe  ex te rna ]

k  
i n c  i d e n t  L o

c o l u n n  v e c E o r  o f  a r b i t r a r y  i m p r e s s e d
currents app), ied at  the external ,  nodes of
subnefwork Nk connected to Tkt .

I :  co l u r rn  vecLo rs  o f  vo l t aSes  and  cu r ren t s ,
r espec t i ve l y ,  on  t he  i n t e rna l  nodes  o f
subnetHrok N. .

K

5  co l r r an  vecLo rs  o f  vo l t ages  and  cu r ren t s ,
' -  

r e s p e c t l v e l y ,  o n  e x t e r n a l  n o d e s  o f
subnetHork ll. .

K

g. ' I * co l t nn  vec to r s  o f  vo l t ages  and  cu r ren t s ,
respcct ively,  of  subnetwork NU.

V,I-,  LI- colrun vectors of voltages and currents,-,9- ^t(D- -  
r e s p c c t l v e l y ,  o n  n o d e s  e r i e r n a l  L o

subnetwork N,,  and intcrnal  to subnetwork
r  l ^  l r  I  I - 1 t

N . w h c r e N . e Q -  a n d N  r Q -  .
m '  K  m

Nk and Nr,  where Nn e qL '  and

NETWORK DECOMPOSITION

Consider a i .arge network N.,  Let  us decompose
N .  i n t o  subne two rks  N2 ,  N? ,  . . . ' ,  N ,  connec ted  by  a
sr ia i l  nrnber of  inter&nnerct ions.  tach of  lhem can
be  s t i l l  t oo  i a rge  f c r  d j . r ec t  ana l ys l s  so  l r e
decoa rpose  N r .  . . . .  N ,  i . n t o  s&a11e r  subne two rks  and
cont inue lh is procesS unt i l  r , re reach suf f ic ientLy
sla l l .  subnetworks.  The iast  ones,  which are not

v9-, f ,0- cclunn vectors of voltages and current,s,- K r o ' - l o f l  
r e s p e c t i v e l y ,  o n  n o d e s  e x t e r n a l  t o

subneLrro rks
I  r  . l

N e Q-
D

- -.tr|
Er.s=g' Irr.-Ir., i f Ttk exists and Nu' Nr c Nm.

T
A- set  of  subnetworks at  deco{ lposir - ion level

I

Q L ' se t  o f  subne lwo rks  made  up  o f  mu l t i po l es
a t  decompos i t r on  l eveL  L .

f u r t h e r  d i v i d e d ,  w e  c a l l  b l o c k s .
oecoopos l t i on  p roccdu re  g i ves  us  a  h !e ra r ch i ca l



sLruc tur l  o f  subnetworks  as  L l lus t ra ted  in  F ig .  1 .

F ig .  1 (a )  Decocposed  ne tHo rk  r d i t h  i n t e r connec t l ons
and  b l ocks ,

F fg .  1 (b )  H le ra r ch l ca l .  s t r uc tu re  o f  subne t$o rKs
ob ta l ned  by  decoopos l t i on .  Leva l  1 :
i l ' t . ) .  L e v e 1  2 :  ( i l ^ , t { . , i l , , } .  L c v e l  3 :I  l '  5 '  4

t N - ,  . . . ,  N . ^ )
)  l z

S u b n e l w o r k s  N {  a n d  N , ,  a r e  c o n n e c t e d  b y  T . , -
r , nL€ reonnec t i on ' _OSdes .  ( sAe  F rg .  : ( a ) ) .  The  ne two i f t
@  t n a t  b l o c k s  a r e  r a u t u a i l y
uncoup led .  Fo r  s l np l l c l t y ,  1 t  1s  assuned  Lha t  each
block contains a comnon ground node. r r ihen sone
blocks do not  contaln a conmon ground, the analysis
can be perforned tn the sarue way af ter  s l ight
r nod i f i ca t i on  o f  t hese  U loc t<s  [ 5 ] .

ANALYSIS OF BLOCKS

A s s u n e  t h a t  l h e  c i r c u i t  N . 1 s  l i n e a r  a n d  e v e r y
b lock  i s  desc r i bed  by  noda l  equa l i ons .  I n  o rde r  t o
decompose netrork Nl  into subneiworks,  se apply the
a r b l l r a r y  c u r r e n t  s o u r c e s  L o  a 1 , l  t h e  i n t e r -
connect lon nodes as shorn ln Fig,  2 and corf ipute
vol tages on Lhern.  The netHork I { i th added current
sources rs equivaleni  la the or ignal  one Hhen
vol tages on these sources are zero.  l {c  obtain the
condi .b lons on node to datun vol tages as

! ; 1  = I r < 3 ' u t i u '  ( 1 )

Every Dlock i .s  noH separatd f roo the rest  of  the
nelHork by Lhe set  of  added current  sources which
can be t reated as exiernal  exci la i ions.  ' rJe solve
lhen separately and obtain

Netuork b locks wi th added current  sources.

v
i

j

tv'r
a r \ ,

I'lvrr
i

f  1 g .  z

fo r  a l l b locks . (2 )  can 5e wr l t ten as

where changcs ln outs ide

nr rO -  
"oo  

^ ro
-K -K

should sat ls fy lhe condi t ions

AIxr  -  a l i * '  I ' , . r .  -  I , . i . '  k  J  i '  (5)

E t i = I r t - J r . i '  k l i '  ( 7 )
n

To  f i nd  A I ;  f o r  a l l  b l ocks  we  can  pu t  co r rec t i on
vo l t aSe  so i i r ces  (7 )  i n  p l a ,qe  o f  added  cu r ren t
sourees iu.  and calculate aI l  for  b locks removj .ng
a I l  o t he r " I n te rna i  ene rgy  sou iees .  The  p rob lem o f
neAuork analysis has been reduced to deterrn in ing
A I I  f l ow rnS  t h rough  j . n t e r connec t i ons .  B locks  can
noH be represented by mul t ipoles for  Hhrch the
ma t r i t  c l esc r i p t l on  i s  knovn  (5 ) ,

ANALYSIS OF SUBNETWORKS

I n  t h i s  s e c t l o n  w e  w r 1 1  d i s c u s s  L h e
h i e r a r c h l c a l  a n e l y s i s  o f  t h e  n e t w o r k  w h i c h  j , s

deconposed j .nto subnetworks and blocks !n a manner

, ,  . . ,  . - 1  -
xp  =  L rn . ,  j r <

I f  wc sssle€ current vector I I  for al l  blocks of
added sources  arb i t ra r /+1y  ana- to Ive  (3 ) ,  then the
o u t s l d e  v o ]  t a S e s  , ! ;  m a y  n o t  n s a t i  s f y  (  1  )  .
Th6refore, our airr is^Do correct IJ UV an aiount
a l [  t o  s a t t s f y  ( 1 ) .  F r o o  ( 3 )

i v l  I
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l " l
t v :  I
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l n  wh i ch ,  aC  each  Leve l  o f  decompos i t i on ,  each
s u b n e t w o r k  i s  d e c o m o o s e d  i n t o  t w o  s m a l l e r
subneiHorkg on1y.

Now we r i l l  d iscuss the Hay of  connect ing tuo
subne lHo rks  desc r l bed  by  equa t i ons  o f  t he  f o rn  ( 5 ) .

C o n s l d e r  m u l t r p o l e S  N , ,  a n d  N , ,  e i e n e n t s  o f  Q '  ,
be l ng  i r nked ,  by ,  E " ' .  

^The  
cn l !  d i f f e rence  be tween

N , . ,  N ^  a n d  N . . ,  l \ 1 .  r 3 : h a L ' u h e  l a t ; e r  i o  n c ! : c n r ? l n
r f , oep6ncen t  l ou r t es  r ns i de  t hem.  Equa i i ons  o f  N -  r

I _ 1  t  I  r

O-  wh rch  cons i sbs  o f  N .  and  N^  a re  ob ta r , ned  i n
t he  f o l Lo r r i ng  way  ( see  f : . g :  3 ) ,  

L

.  _ r
-l{t

o
dv-<n

From (13)  we have

a I r  =  i z r l ' l - t  I E t  -  z r o '  a I o , '  .^{tr ^{n -{|l

^ , , 0  - C I '  - - I I ' , - 1  - n
A v  '  L  L L  i  :  +^{n

r . o o t  T o r r  r T r r r t - 1  7 I 0 iL L  -  L'J[ -{l ^.{t) nn

Now ad lus t  vo  t c- ^ 4 n

. r  n  - 0 I '  . - I I ' . _ . i  ^ mV -  = V - r
1 n  . " n - ! ^  1 l f i  I  L

F roa  (17 )  and  (18 )  t r e  have

^ , r 0 t  _  r " 0 o r  
" 0 r t  

f " r I r  r - 1  " r o r  r  ^ i 0':CI - Llo - :m .:m "4,

r t .  Equa t i on  (12 )  can  be  w r i t l en  as

-  T l l  T n r a  -  T r  a  h  l
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(  t  3 )
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(  1 6 )

(  1 7 )

(  1 8 )

(  1 9 )

(  2 0 )

I  u o ..',m

F iS .  3  I n t e r connec t i on  o f  two  mu l t i po l es .

I

and N, in the form

l -  r " l
l a i -  I
i  - r m l
I  l , r = k . t .  ( 8 )
i n i
l a r :  I  N . . r { . c N
L  - t n j  K '  {  l l 1

too:tn

P r e s e n t  ( 5 )
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The nodal  equatL

tro o
:km r

I T
-Km

^ t r  -  ^ - I
-Km -Un'

t l

f , v .  -  AV  :  [  .-rcn -i!1

Wr th  t he  heJ .p  o f  (  10 )  and  (  1  ' t  )  ,

AVo' = zoo dro^<n ^{n

Again,  to ccmpute at '  r "  replace subnetuorks
f r om 1eve1  L  by  r nu l t i po l e j i i  desc r rbed  by  (2O)  and
jo i n  t hen  by  co r rec t l on  vo l t age  gou rces  and  pu t  L  :
L -1 .  I f  L  )  1 .  Lhe  f o rm  o f  r - he  subnebwork  iS
s im l l a r  t o  N_  and  equa t i ons  (B  ) - ( 20 )  desc r j . b i ng
lh i s  subne two fk  can  be  w r i L ten  and  we  can  go  f o r
Lhe  nex t  l owe r  l eve l .  I f  L  .  1 ,  we  ob la i n  a
subne i l r o r k  u i t , hou t  ou t , s i de  cu r ren t  exc i t a l i ons  and-'
can  de te rm lne  A I i  f r on  ( ' 16 ) ,  wh i ch  i s  r educed  t o

- l

n r l  _  , r i l t t _ l  
" l \ l  |  )

r y l

T
w h e r e  A i ,  d e s c r l b e s  L h e  c h a n g e  i n  c u r r e n t
exc l t a t i ons  aL  l he  2nd  l eve l  .  Us rng  (5  ) - (  1  6 )  ,  we
re l u rn  Lo  t he  h i ghes t  Leve l  de tenn in i ng  a l l ,  Lhe
co r rec t l onS  1n  t he  a rb i t r a r y  cu r ren i ,  sou rces  and
Lhen  t he  va r i ous  noc ie  vo l t ages  o f  l he  o r rg i na l
ne two rk  a re  ca l cu l a ted  f r o rn  ( a ) .

ALGORITHM FOR DECOMPOSED LINEAR NETWORK

a
Step  1  Assune  - i i -  and  so i ve  l he  noda l  equa t i ons

f o r  a I I  t i l o c k s ,  i . e . .  ( 3 ) .

S tep  2  Se !  L  +  L -1  and  ca l cu l a te  Em,  r J  N '  .  QL '
f r o n  ( 1 1 ) .

S t e p  3  I f  L  :  1 ,  g c  t o  S L e p  7 ,

e' l
I
I

N '  c a nm

n t l  I-:ktn 
I
I

a sten
-l

I

I
I

j

r.r1t

av.i-Klit

o
- KItl

t

AV;-r,m

. . . 0
A V .

d,lln

I
I

l-^'

iu
l n=log;

i*e
L 

-X&

,o l  ,00  n:krn :km Y

. i 7
v v L s m

. o I
v  v  L --Un

el
, r o  l.* i

I
,oo I
-l'ln J

, I O  , r 0
-Km -fm

nn
7 - "  n
rKrn

a  7 - "
- -XJt

- 0
-Krn

T
o r  ^-Lm

i n l
I  ^ T -  I
L  - U t r J

i T

| -Kfll

n
-Km

,  ( 9 )

? (  9  )  r s

(  1 0 )

( 1 1 )

red uced

IL I l  , t f
i  L .  +  L -
I -Km -tm
I
I
I  n "
|  7 " '
i ikn
i
I
I
I  n T

i :lJn

6rL { arL

;

" lAr:  I-t,, 
J

(  1 2 )



t 1 -
Lj" Lj"

anple N,,  .

lr5

F ig .  4  L i nea r  ne tHo rk  ex

f  z ! r ,  z ro ' ' l
r  ^  |  ' "  l l

o b t a i n Z  !  I  i . u N  r Q -^'1!  
i  ,or '  ,oo'  i '  

m

L:'n 
:d 

)

w i t h  t h e  h e l p  o f  ( 8 )  a n d  ( 1 2 ) .

Ad jus t  vo l t ages  f r om (18 )  as

v 0  .  V C  +  Z C l t  l z ' : ! ' l - ,  f  .  v  , i '  .  Q L '^ . l l l l n ^ . n " - { 1 1

?  l t t  r
-  - v v  a  - - v v  - J l  r - a l  r _  i

u a f c u l a E e  Z  =  L l m  - 4  , a , o  )

T n r  r  I  I

T t -  ) ,  V  N "  r  Q -  and  go  t o  S tep  2 .

set  g f l  ,  Ly  .4 , f ,  "a lcurare  a : f  f rom

( 2 1  )  .  U s i n g  (  1 4 )  a n d  (  1 0 )  u e  h a v e

al j t  = al l  ana al l , ,  = -ar j , , :  usrne (5) and

(8)  we have ar9  =  ar l -  and ar9  =  4 i1 . ._ z t  _ 5  " J l

se t  L  +  L+ i  ,  ca l cu l a te  ^ {  f r 6n  (  1? )  ,
r  I l

$ N - e Q - .

Step  4

S tep  5

:.E--Z

S f a n  a

-r ,A
l i . "  9 ' .-1-

il r L-------1
A

t i l , ,  ,  N -  )  o f  N^  and

1 2 )

i 4 j

L 5 l

step 9 use ( 14) io detennine ar-L ana a1[, v Ni

^ L + l '
( Q

n
S tep  ' 10  DeL€ rm1ne  AJ ;  w1 t , h  t he  he lp  o f  ( 5 )  8nd  (8 )

$  N ;  (  o l + l '  .

Step 11 I f  L+]  1s not  the highest  levcl  bhen go to

S teg  8 .

SLep 12 Calculate f9 *  f9 *  aI9 for  aI I  b locks and-*

usc (3)  to f lnd al .1 nodal  vol tages.

An  exep le  o f  a  l i nea r  ne two rk  (  F i g .  4 )  eo
l l l u s t r a te  t ho  s teps  o f  t he  a l go r i t hn  i s  desc r i bed  i l l
l n  de ta1 l  i n  [ 5 ] .  The  f i na l  b l ocks  a re  shcwn  i n

CONCLUS IONS

A  h i e r a r c h i . c a J .  d e c o n p o s i t i o n  a p p r o a c h  f o r
s i nu la t i ng  a  l a rge  ne tHo rk  : . t as  been  p resen ted .
F i r s t ,  ana l ys r s  o f  b l . ocks  i s  pe r f o rned  and  a f l e r
t h r , s  subne two rks  a re  comb lned  i n  a  h i e ra r ch i ca l
manne r  j o rn l ng  two  gubne tHo rks  a t  any  t 1me .  Thus ,
combinr.ng the soiut ion of  the subnelworks can be
pe r fo rmed  i n  a  se r i es -pa ra1 le l  way .  The  ana l ys i s
o f  ve r y  La rge  ne two rks  ! s  pcss l b l e ,  t he re fo re ,  i n  a
short  t ime. l le  have descr ibed lhe nethod for
I inear netrrorks whj ,ch can easi ly  be extended to the
case  o f  ncn l t nea r  ne two rks .

I : e re  r s  no  e f f i c i en t  a l go r i t h r0  ava i l ab l e  f o r
op t rma l l y  deccoposLng  i a rge  ne two rks .  I n  t h r s
a p p r o a c h  r  h o H e v e r  ,  i t  i s  p o s s l b l e  l o  u s e  a n

e f f i c i e n t  a i g o r i t h m  w h i c h  g l v e s  s u b o p t ! m a I
decompos i t on  o f  l a rge  ne two rks  because  on l y  t he
nunber of  external .  nodes of  the Subnetrrorks is
lmpo r l an t .  Spa rs i t y  t echn iques  a t  b l ocks  o r  Lhe

subnetwork level  can be used in lnplenent lng lhe
algor i t f rD.

Z t zo

I s
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F1g. 5 Decoaposed blocks
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